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Problem 1 If {Uα}α∈A is a Zariski-open cover of An, show that it has a finite subcover {Uα1
. . . Uαn

}. (In
the context of algebraic geometry, the property is often called quasi-compactness)

Problem 2 If f ∈ k[An], we let D(f) denote the Zariski open set

D(f) = {p ∈ An | f(p) 6= 0} .

Show that the collection of D(f) for all f ∈ k[An] forms a base for the Zariski topology: given any point
p ∈ An and any Zariski-open U containing p, there is some D(f) such that p ∈ D(f) ⊆ U .

Problem 3 Let I be an ideal of some ring A. On Friday, we defined the radical of I as

√
I = {f ∈ A | fn ∈ I for some k} .

Show that this set is actually an ideal of A. Show that

√
IJ =

√
I ∩ J =

√
I ∩
√
J.

Show that
√
I + J =

√√
I +
√
J.

Problem 4 Suppose f, g ∈ k[An] are two irreducible polynomials. Show that V (f) = V (g) if and only if
f = αg for some nonzero α in k.

Problem 5 Suppose φ : X → Y is a continuous map of topological spaces. Suppose also that X is
irreducible. Conclude that Imφ is irreducible (with the subspace topology).

Problem 6 Prove that a map φ : An → Am of the form

φ(x1 . . . xn) = (φ1(x1 . . . xn) . . . φm(x1 . . . xn)),

where φj is a polynomial in xi for all i, j, is continuous if An and Am are given the Zariski topology. (These
kinds of maps are called regular)

Problem 7 Let A be an n× n matrix. Prove that det(A) is an irreducible polynomial of the entries of A:

7.a Show that V (det(A)) is the image of A2n2 ∼= Matn(k)×Matn(k) under the regular map φ such that

φ(S, T ) = S · diag(0, 1 . . . 1) · T.

Conclude that V (det(A)) is irreducible.

7.b Since k[An2

] is a UFD, write det(A) =
∏m
i=1 pi, where pi is irreducible. Use the fact that V (det(A))

is irreducible to conclude that pi = αip1 for all i and some αi ∈ k×, so det(A) = αpm for some irreducible p.

7.c Use the fact that det(A) has degree one in any particular entry of A to conclude that m = 1.
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