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Abstract

I'm compiling these notes for a Directed Reading Program I'm currently doing.
These are for personal use so buyer beware!

1 Banach Spaces

One of the basic ways that we’ll prove the existence of solutions to differential equations is
to construct a Cauchy sequence of “approximate solutions” which come closer and closer
to solving the specified differential equation. For this sequence to converge, our underlying
space of functions will need to be complete: the theory of Banach spaces is the natural
setting to study complete function spaces.

todo: rename base field F' for consistency with later sections.

Definition 1.1. A Normed Vector Space is a pair (V,||-||), where V is a vector space
over field K which is either R or C and ||-|| : V' — R is a function satisfying the following
three conditions:

1. [Jv]| = 0 if and only if v = 0.
2. [[Mv]| = |A[||v]| for all A € K.
3. [lv+wl| < [ol] + [Jwl].

In what follows, we will often abuse notation and use V' to refer to both the NVS (V, ||||)
and its underlying vector space. We can naturally give a NVS (V,||-||) the structure of a
metric space by decreeing that the distance between any two vectors v,w € V' is |[v — w|]
(it is left as an exercise to check that this distance function satisfies the appropriate axioms
for a metric space).

todo: at some point I should probably mention/prove that the norm is continuous

Definition 1.2. A Banach space is a NVS V which is complete with respect to the
metric associated to its norm.



Ezample 1.3. The vector space R™ equipped with the norm ||v|| = y/v{ + ... + v2 a Banach
space (this should be familiar from undergraduate analysis). Surprisingly, it is the case
that every finite dimensional Banach space is in some sense “basically the same” as this
example. There are, however, many different infinite dimensional Banach spaces. We will
meet many of them in these notes.

Definition 1.4. For a compact topological space K and a Banach space V, let C(K,V)
denote the vector space of continuous functions K — V.

Theorem 1.5. C(K, V') becomes a Banach space when equipped with the norm ||-|| ., where
oo = sup |[f ()]s
€K

Proof. For any f € C(K,V), because K is compact and f is continuous, we know that
|| f(K)||; is also compact and therefore a bounded subset of R. This shows that || f||, is
some finite number, so ||-|| is a well-defined function from C(K,V) to R>o. A straight-
forward application of the basic properties of sup shows that (C(K,V),||-||,,) is a NVS
(this is left as an exercise).

To see that C'(K, V) is complete with respect to ||-|| ., suppose that {f,} is a Cauchy
sequence with respect to ||-|| .. In other words, ||f; — f;[|,, goes to zero as i and j go to
00. Then for every point x € K, the sequence {f,(x)} is a Cauchy sequence in V| since

I fi(z) = (@)l < sup 1fi(z) = fi (@)l
=Ifi = fills

so || fi(x) — fj(x)]|;, also goes to zero as 4,j go to oo. Since V' is complete, this implies that
fn(x) converges to some value y, as n goes to co. Define f : K — V to be the function
such that f(x) =y, for all z € K. To conclude, we want to show that f,, converges to f
and that f is continuous.

To show that f,, converges to f, fix e > 0 and let N be large enough that || f; — f;[|, <e¢
for all 4,5 > N. Then for any £ > N and any z € K we know that

1£@) = fu@lly = lim [1fi(@) = fi@)lly
< lim sup || fi(z) — fe(2)l]y
10 e K

<e
S0

1f = filloo < sup [If(z) = ful(2)lly <&
zeK



This shows that ||f — fx||,, goes to 0 as k goes to oo as desired.

To see that f is continuous, fix xyp € K and € > 0. By our previous argument there
is some k such that ||f — fz||, < €/3. Since fj is continuous, there is some open neigh-
borhood U of zy such that |[f(x) — f(xo)||,, < €/3 for any € U. We therefore know
that

I1f(z) = f(zo)lly < |If() = fu(@)lly + [ fe(z) — fe(zo)lly + | fr(xo) — f(z0)lly
< f = filloo +&/3 4+ 1fk — fllo

< E.
Since we can find such a U for any ¢ > 0, this implies that f is continuous at xg, and
since this is true for every xy in K, this implies that f is continuous. We have therefore

shown that every Cauchy sequence f, in C(K,V') converges to an element f of C(K,V),
completing our proof that C(K, V') is a Banach space. O

We will now prove the first of several important theorems that will allow us to prove
the existence of solutions to differential equations in the context of Banach spaces.

Definition 1.6. If (X, d) is a metric space and 0 < «a < 1, an a—contraction mapping
is amap T : X — X such that d(Tx,Ty) < ad(zx,y) for every z,y € X. A contraction
mapping is a map that is an a—contraction mapping for some 0 < a < 1.

Note that every contraction mapping is automatically continuous (this is an exercise).

Theorem 1.7 (Banach Fixed Point Theorem). Let (X, d) be a complete metric space and
let T : X — X be a contraction mapping. Then T has a unique fized point.

Proof. First, to see that the fixed point is unique, suppose that x and y are both fixed
points of T', so Tx = x and Ty = y. Then
d(z,y) = d(Tz, Ty) < ad(z,y).

Since v < 1, this implies that d(x,y) must be 0, so = y. Now to show the existence of a
fixed point we must use the fact that X is complete. Pick any point x € X and consider
the sequence x,, = T"x. We will show that this sequence is Cauchy and it converges to the
fixed point of T. Let ¢ denote d(z,Tx). We want to bound d(T%z, T z) as i and j grow
large. If i = j then d(T"x, T%x) = 0, so suppose without loss of generality that i > j. Then
ATz, Tx) < d(T'2, T o) + d(T" e, T 22) + ...+ d(T7 2, TIx)
<ol a4l
i—j—1

=als Z oF
k=0

)

1—a’




For any € > 0, since a < 1 there is some large N such that for all j > N we know that
o < (1—a)/s

so for all 4,7 > N we see that d(T'z, T/x) < e. Since this is true for all € > 0 we see that
the sequence x,, = T"x is Cauchy. Because we have assumed that (X,d) is a complete
metric space, this implies that x,, converges to some value y. To see that y is a fixed point
of T', note that since T is continuous,

Ty = lim Tx,

n—oo

= lim 7"z
n—0o0

= lim z

We have therefore proven the existence and uniqueness of a fixed point of T in X, as
desired. ]
Exercises

Exercise 1.8. Given a NVS (V,||-]|), prove that the function d(v,w) = ||v — w|| satisfies
the axioms of a distance function on a metric space.

Exercise 1.9. Prove that (C(K) ) is a NVS for any compact topological space K.

SR

Exercise 1.10. Prove that every contraction mapping is continuous.

Exercise 1.11. Prove that the mapping Tz = z/2 + 1/x is a contraction mapping on
[1,00). Show that /2 is a fixed point of T. Use the Banach fixed point theorem to
describe an iterative algorithm for computing /2.

Exercise 1.12. Show that if T' is an a-contraction mapping on a complete metric space
(X,d) and z is any point in X, the distance between x and the unique fixed point y of T

is bounded above by
)

1l—a

where 0 = d(x, Tx).

2 The Picard-Lindelof Theorem

(todo) Give example of 220, f + f =0



Definition 2.1. An Initial Value Problem P is the data (U,&,p,ty), where U is an
open subset of R™, £ : U — R" is a continuous vector field on U, p is a point in U, and
to € R.

Definition 2.2. A solution of the initial value problem P = (U, &, p, to) is the data of an
open interval J containing ¢y and a differentiable function ~ : J — U such that y(tp) = p
and for all ¢ € J it is the case that +/(t) = &(y(¢)).

Definition 2.3. Given an initial value problem P = (U, &, p,tp) and a closed interval [
containing o, the Picard-Lindel6f Integral Operator Tp ;: C(I,U) — C(I,R") is the
map sending v € C(I,U) to Tp 7y, where

(Tp17)(s) = p+ :m(t» dt.

Lemma 2.4. Let P = (U,&,p,to) be an initial value problem. Let J be an open interval
containing to and let v : J — U be a continuous function. The following are equivalent:

1. 7 is a solution to the initial value problem P.

2. For every closed subinterval I C J containing to, |1 is a fized point of the Picard
Lindelof integral operator Tp r.

Lemma 2.5. Let P = (U,&,p,to) be an initial value problem. Let I be a closed interval
containing to and let v : I — U be a continuous function. The following are equivalent:

1. v is a fized point of the Picard-Lindelof integral operator Tp r.

2. For every open subinterval J C I containing to, v|s is a solution to the initial value
problem P.

Proof. Lemma 2.4 and Lemma 2.5 follow from the fundamental theorem of calculus. [

Theorem 2.6 (Picard-Lindelof). Let P = (U, &, p, to) be a initial value problem, and sup-
pose & s locally Lipschitz on U. Then there is some € > 0 such that there exists a unique
solution v to the initial value problem P on (tg — €,t9 + €).

Proof. Because ¢ is locally Lipschitz, there is a constant L and a closed ball B = Br(p) of
radius R > 0 around p such that for all x,y € B we know

1E(2) =€)l < Lz —yll-

Also, since ¢ is continuous and B is compact, we know that £ is bounded on B: there is
some M such that ||£(z)|] < M for all x € B. Let a be any positive real number such that
a < R/M and a < 1/L and let I = [ty — a,ty + a]. We wish to show that there is a unique
function v : I — U which is a fixed point of the Picard-Lindel6f integral operator T'p ;.



Using Lemma 2.4 and Lemma 2.5 this will be able to translate this result into an existence
and uniqueness result for solutions to the initial value problem P. Our strategy for showing
that T’p ; has a unique fixed point will be to use the Banach fixed point theorem.

Let 79 : I — R"™ be the constant function at p, so y9(t) = p for all t. Let X be the
closed ball of radius R around 7p; by the definition of the norm on C(I, R™) the functions
in X are exactly the functions whose image lies in B. Also, because X is a closed subspace
of a Banach space, X is itself complete. First, we claim that Tp ; actually maps X to itself.
To see this, note that

t
HTP,If—’YOHOO—SuP’ t E(f(1)) dtH

tel

t
<sup [ |[£(f(¢)] dt
tel Jitg

t
<sup | M dt
tel Jitg

< Ma
<R

where the third-to-last inequality follows because f € X so we know that f(t) € B for
all t € I so ||£(f(t))|| < M by our definition of M. Now we wish to show that Tp ; is a
contraction mapping. To see this, let f and g be in X. Then

| Tprf —Tp gl = sup

t:é‘(f(t)) - elo(o) ar

tel
t
<swp [ (6 —€lole
SStlé?/t:LHf(t) o] dt

t
Ssup/ Li|f—gll, dt
tel Jtg

S aLHf_gHoo

which shows that T’ ; is a contraction mapping since al. < 1 by our choice of a. The
Banach fixed point theorem, Theorem 1.7, then tells us that T ; : X — X has a unique
fixed point ~.

Now for any € < a, letting J = (to — ,tp + €), we know that ~|; is a solution to the
initial value problem P by Lemma 2.5. To show that | is the unique solution on J,
suppose that o is any solution to the initial value problem P on J. Note that for any
0<d <e<a,if welet I' = [ty + d,ty — d'], then our above argument shows that Tp
has a unique fixed point. By Lemma 2.4, o|p is a fixed point of Tp ;7, but we also know



that | is a fixed point of T'p i/ since v is a fixed point of Tp ; and I’ C I. The uniqueness
of the fixed point of Tp  then implies that 7| = o|p. Since this is true for every o’ < e
we see that v|; = 0. O

We now wish to show that the solutions to our initial value problem vary continuously
as the initial condition varies.
todo: this lemma actually needs to be used in the proof of Picard-Lindelof

Lemma 2.7. Let P, = (U,&,p,to) be an initial value problem. Let M be the mazimum
of ||&]| on the closed ball of radius R around p. For a < M/R, let 6 = R — Ma. Then
if llg —p|| < & and ~q is a solution to the initial value problem Py = (U, &, q,tg) on J =
(to — a,to + a), it is the case that v4(t) € Br(p) for allt € J.

Proof. Suppose there is some t € J such that ||v,(¢) — p|| > R. Without loss of generality
suppose that ¢ > 0. Then because v, is continuous there is some smallest ¢’ such that
[[7¢(t") — p|| = R but for any ty < s <t it’s the case that ||v4(s) — p|| < R. Then

7)) = p|| < ||7q(t) —a|| + g — pl|
< HWq(t,) - ’Yq(tO)H +0
t/
= ‘ / Y (t)dt|| + 6
to
t/
= ‘ §(y(t))dt
to
t/
< Mdt+ 6
to
={t'—to)M+94
<aM +9
<R

+90

where the crucial step here is that since y(t) is in Br(p) for all ¢y < t < ' we know that
[1€(y(t))|] < M. We therefore obtain a contradiction, since by our assumption R < R. We
then conclude that ||v,(t) —p|| < R for all t € J. O

Proposition 2.8. Let P, = (U,&,p,tg) be an initial value problem where £ is locally
Lipschitz continuous. There is some a > 0 such that for all € > 0 there is a § > 0 such
that for all ¢ with ||q — p|| < 0, if vp and 4 are the solutions to the initial value problems
Pp and Py = (U, &, q,t0), respectively, then ||y, —v4ll < € on [to —a,to + a.

Proof. Let M, R, and L be as in the proof of Theorem 2.6. Choose a > 0 such that
a < M/R and a < 1/L. Then for any € > 0 choose 6 > 0 such that 6 < R — Ma and
0 < (l—alL)e. O



todo: Prove continuous dependence of solution on initial conditions.

2.1 Exercises

Problem 1 Show that the initial value problem

2
f/ — 7f1/3
3

1/3

and f(0) = 0 does not have a unique solution. Show that the function = — %x is not

locally Lipschitz at = = 0.

Problem 2 Apply the Picard-Lindel6f operator “by hand” to the initial value problem
/= f and f(0) = 1 to compute the Taylor series for €.

3 LP Spaces

todo: include motivation for PDEs.
todo: include proof that these are NVS.

Theorem 3.1. LP(Q) is a Banach space for any measure space Q and any 1 < p < 0.

Proof. Let f,, be a Cauchy sequence in LP(£2). Using the Cauchy property (todo: expand?),
choose a subsequence f,, such that

Hf"k-H B fnka < 27",

Now let g; be the nonnegative function on €2 such that

1—1
9i = ’fn1| + Z ’fnk-ﬂ - fnk|
k=1

and let g = lim;_,~ g;- Note that

i—1
gilly < 1 faslly + D s = fuul
k=1

i—1

—k

=1 fall, + Y275
k=1

Moreover, g; converges to g monotonically from below, so since z + zP is a monotone
continuous function on Rx>¢ it’s also the case that ¢! converges to g monotonically from



below. As a result, the Monotone Convergence Theorem shows that

/gp = lim [ g}
[¢) 71— 00 Q
_ 1 ||1P
i—1 p
. —k
< im (nfm|rp+;2 )

= (1 1fmll,)"

< Q.

Since g? is in L'(£2), it must be finite almost everywhere, so it must also be the case that
g is finite almost everywhere. Because of this, for almost every x € 2 we know that

o0
Z fnk+1 (m) - fnk (x)
i=1
converges absolutely, since
o0
Z ’fnk+1 (x) - ka(x)’ = g(x) — | fna ()| < o0
i=1
As a result, we can define a function f on € almost everywhere as

F=tn+D (s = Fun) -

=0

Since |f] < g, we know |f[P < gP, so since g € L'(Q2) we know that |f|P € L'(Q), which
implies that f € LP(€2). We now want to show that our original sequence converges to f.
Note that for any k,

f = Fuill, =

0
Z fni+1 - fm
i=k

o.9]
<> 2
i=k

_ 21—k‘

p

so ||f — fnk“p — 0 as k — oo. Since our original sequence f,, was Cauchy and since
a subsequence f,, converges to f, we can conclude that f,, also converges to f (todo:
expand?). O



4 Hilbert Spaces

Definition 4.1. An Inner Product Space is a pair (V, (—,—)) where V is a vector
space over a field F' which is either R or C and the inner product (—,—) : V. xV — F'is
a function satisfying the following three conditions:

1. (v,v) € R>p and (v,v) = 0 if and only if v = 0.
2. (v,w+ M) = (v,w) + A (v,u) for all A € K.
3. (v,w) = (w,v).

Here Z is the complex conjugate of z. Note that when F' = R, the third axiom of an
inner product space just says that (v,w) = (w,v), so in this situation the inner product
is symmetric. To fix notation, given an inner product space (V,(—,—)) we will write
l|v]| = v/(v,v). The notation is suggestive: we will see in Proposition 4.3 that this function
is indeed a norm.

todo: give examples

Proposition 4.2 (Cauchy-Schwartz Inequality).
(v, w)| < [Jv]|[|w]]
Proof. For any A € K, note that

0 < (v+ Aw,v+ \w)
= (v,v) + (Aw,v) + (v, \w) + (Aw, A\w)
= |ol* + A v, w) + A (v, w) + A [Jw][?
= ||ol* + 2Re(A (v, w)) + [A]? [Jw]|*.

The smaller the term on the right is, the more interesting of a bound this gives us. The
expression we want to minimize is a quadratic equation in A, and the standard formula for
the minimum gives the value

—<’U,'IU> —(w,v)
2 2
[[w]] [Jw]|
For this value of A\, we see that
2 2
2 v w)” (v, w) 2
0 < [j]|” —2=—"—3 — 1 |lwll
[|wl] [Jwl|
2
2 |<U7w>‘
:HUH - 2
[|w]|

10



SO
2 2 2
(v, w) |7 < ol [[w]]

SO
[{v, w)| < [[v]] [[w]]

since both sides are positive. ]

todo: relate this to Holder’s inequality

Proposition 4.3. Given an inner product space (V,{—,—)), if we define ||v|| = \/{v,v)
as above, then (V. ||-||) is a normed vector space.

Proof. First note that ||v|| = 0 if and only if (v,v) = 0 if and only if v = 0. This verifies
the first axiom of a normed vector space. Also note that

|| A|| = v/ (A, Av)
=/ I\ (v, v)
= [A[{]v]]

This verifies the second axiom. The last thing to show is the triangle inequality ||v + w|| <
[|v]| + ||w]||. It suffices to show the inequality after squaring both sides:

o+ w|* = (v +w,v +w)
= (v,v) + 2Re((v, w)) + (v, w)
< |[[ol* + 2 (v, w)| + ||w]|*
< fol* + 2 o] | [Jw]| + [|w]
= ([0l + [wl])?

where the first inequality here is simply the fact that Rez < |z| for any z € C and the
second inequality is the Cauchy-Schwartz inequality, Proposition 4.2. 0

Definition 4.4. A Hilbert Space is an inner product space (V,(—,—)) such that the
associated normed vector space is a Banach space.

todo: give examples

Proposition 4.5 (Parallelogram Law). If (V,(—, —)) is an inner product space, then

[l + Il + [l = yll* = 2||=]* + 2 [y][*

11



Proof. Since V' is an inner product space, we can rewrite the norm in terms of the inner
product:

|z +yl> +llz -yl = (@ +y,z+y) +{x—y,z—y)
2 2 2 2
= [|z||” + 2Re({z, y)) + |[yl|” + |[z[|” — 2Re((z,y)) + ||y]|
2 2
=2|]z||” + 2|lyl|

O]

Remark 4.6. Note that even though the statement of Proposition 4.5 can be phrased purely
in terms of the norm on V, it is false for a general normed vector space. For example, take
R? with the ¢ norm.

Proposition 4.7. If K is a closed and convex subset of a Hilbert space H, then for any
point x € H there exists a unique point y € K that attains the minimum distance between
x and a point in K.

Proof. Like in Theorem 1.7, the uniqueness part of the statement does not require the
assumption of completeness on the underlying vector space; it holds for an arbitrary inner
product space as follows. Let D be the distance between K and z. In other words,

D= infd .
[nf (z,v)

Suppose that y; and y2 both realize this infimum, so d(y1,x) = d(y2,x) = D. Then by the
parallelogram law Proposition 4.5 applied to (y; — x) and (y2 — x),

2 2 2 2
v = w2l]” = 2|ly1 = 2(" + 2ly2 = z[|" = lly1 + y2 — 22]|

2
:4D24‘ yl‘;y?xH
< 4D? — 4D?
=0

Here we've used the fact that K is convex, so (y1 + y2)/2 is in K, so by definition the
definition of D its distance to x is at least D. Since ||y1 — y2|| is always in R>o we see that
lly1 — y2|| = 0, so y1 = ya. This proves uniqueness.

To prove the existence of a distance-minimizer we use a similar trick: let y, € K be
some point such that d(y,,z) < D + 1/n. Since the distance function is continuous on H,
if we can show that y, converges to some y € H, we’ll be done: because y, € K and K is
closed we’ll know that y € K. Moreover

d(y,x) = nll_}IrOlo d(yn,x) =D

12



so y will be our desired distance-minimizer. To show that ¥, converges to some y € H
we’ll use the parallelogram law Proposition 4.5 to argue that the sequence y, is Cauchy
and then conclude by the completeness of H.

Explicitly, applying Proposition 4.5 to (y, — =) and (y,, — x) we get

1 = ymll* = 2 lyn — 2|* + 2 lym — 2lI* — [lyn + ym — 22|

1 2 1 2 2
:2<D+> +2<D+> —4’?/”“””—
n m 2
4D 2 4D 2
<2D’+ —+ = +2D*+ — 4+ = —4D?
n n m m

AD 2 4D 2
=—+5+—+
n m

n m2’

Since this goes to zero as n, m go to co we see that the sequence y,, is Cauchy, as desired. [
Definition 4.8. If H is a Hilbert space and K is a closed convex subset of H, the Pro-

jection Operator Py : H — K is the map that sends x € H to the point y = Pg(x) € K
that minimizes the distance to x.

Remark 4.9. Note that the function Px is well defined by Proposition 4.7.

The case when K is a closed linear subspace of H is particularly interesting.

Proposition 4.10. If K is a closed linear subspace of H and x is some vector in H, the
following are equivalent for all y € K

1. y = Pg(x).
2. (y—z,u) =0 for allu € K.

Proof. First we show that 1 implies 2, so suppose that y = Pg(x). Given any u € K,
consider the function f : R — R>¢ such that

FO) =1ly + Au— |
= |ly — =|[* + 2ARe((y — z, ) + A* [[ul|*.
Evidently, f is a quadratic function in A. Furthermore, since u € K and since K is a
linear subspace of H, we know that y + Au € K for all A. By our choice of y, this implies
that f(A) > f(0) for all A-so f attains its minimum at A\ = 0. A quadratic function

f(\) = aX? + bX\ + c attains its minimum at A\ = 0 exactly when b = 0, so we conclude that
Re({y — z),u) = 0. If F = R, we're done. If F' = C note that

(y —z,u) = Re({y — z,u)) +iIm({y — z,u))
=Re({y — z,u)) + iRe({y — x, —iu))
=0

13



where the last equality follows because both u and iu are in K.
To show that 2 implies 1, suppose that y € K is such that (y — x,u) =0 for all u € K.
Then for any other 3y’ € K we have

Iy —a||* = (v =2,y —2)
=~y + -2, —y) +(y—2)
=l =yl + W — vy —2)+ (y—a,9 — ) +|ly — =]
=ly = oll” +lly - 2l
> ||y — ||

2

Here we've used the fact that v/ —y € K, so (y — 2,9 —y) = (¢ —y,y —x) = 0. This
shows that y is the closest to x among all of the points of K, so y = Pk () by definition. [J

Corollary 4.11. If K is a closed linear subspace of H then Pk is a continuous linear
operator.

Proof. To see that Py is linear, note that by the implication 1 implies 2 of Proposition 4.10
we know that for any u € K

(Pi () + AP (y) — = — Ay, u) = (Pr(x) — z,u) + X (Pr(y) — y, u)
=0

so by the implication 2 implies 1 of Proposition 4.10 we know that
Pg(z + \y) = Pg(z) + APk (y).
This proves that Py is linear. To show that Px is continuous, note that

l2]|* = (z, )
= (Pr(z) + (¢ — Px(2)), P (z) + (¢ — Px(2)))
= || Pk (2)||* + 2Re((Px (), & — P (2))) || Pk () — ||
= [|Px (2)|1* + || Pk (z) — |

where we have used Proposition 4.10 to say that (Px(x),r — Px(z)) = 0. This implies
that || Pk (z)|| < ||z||, so Px is continuous. O

todo: T have not talked about continuous linear operators yet.
todo: Riesz representation theorem.
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5 Sobolev Spaces

todo: example of screening equation
todo: definition of weak derivative
todo: weak formulation of PDE
todo: Lax-Milgram theorem?
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